INTR~DUCTI~N
In this paper, as in [3] , f=f(x i,..., x,) will always be an indefinite nonsingular quadratic form with real coefficients. Iff is of type (r, n -r), its signature s = s(f) is 2r -n, and we use the non-Gaussian discriminant d = d(f) # 0 defined as in [5] . This definition has the attractive property that d is an integer whenever the coefficients off are integers. We follow 11, 2, 31 in denoting by P = P(f) the greatest lower bound of the positive values assumed by f for integers x, ,..., x,. Similarly we use N = N(f) to denote the greatest lower bound of the positive values assumed by -f for integers x, ,..., x n ; thus N(f) = P(-f ).
The discussion of many problems about quadratic forms is often helped by considering two distinct cases: firstly, when f is a zero form or, in other words, f(x) = 0 for some nonzero x; secondly, when f(x) # 0 for every nonzero integral x. The first of these cases tends frequently to be easier. The present problem of finding best possible upper bounds for 4(f) = P/l dl is no exception, and the only remaining difficulties occur when f is a nonzero form. In particular the least upper bound of 4(f) is unknown for nonzero quaternary forms of signature -2, although from [4] it is known to be at least &. Worley [6] showed that it is possible to obtain good upper bounds for 4(f) when (n, s) = (4, -2) from good upper bounds when (n, s) = (3, -l), and [3] began the process of obtaining a small upper bound for 4(f) when (n, s) = (3, -1) apart from a finite number of exceptional forms. In this paper we continue that process and find two more exceptional forms. Henceforth we shall always assume that the nonzero ternary form f has signature -1, 4(f) > f, and that (2.3)-(2.7) hold. Notice that g(1, -1) = k,(l-O)2-k,<k,-kz<P(g), so g(1, -1) andf(x, l,-l)=g(l,-i)-(~+a-~)~arealwaysnegative.Forsomex=O,-l,~x+a-~~=/(a-~~~, the distance, taken positively, from a -j3 to the nearest integer, so with (2.3) 
where a is a natural number with 5 < a < 23 and c is any real number such that In the previously known extreme forms, which all have 4(f) > f, k, in each case occurs in an interval (2.11) for a = 5, 7, or 10 (see [3, 61) . All the forms in these intervals satisfying Q(f) > 4 were given in [3, Theorem 2 1. The present paper deals with a = 6 and we prove the following result:
THEOREM.
Suppose that f =f (x, y, z) is a ternary form with s(f) = -I. that (2.3~(2.7) are satisfied and that (2.11) holds with a = 6. Then iJ' Q(f) > t. f must be one of the forms f,, f2 defined in Lemma 1 above.
The form f, here is particularly interesting since its associated binary form g( J', i) is a constant multiple of the g associated with the form f, of (3 1.
LEMMA 4. Suppose that f satisj?es the hypotheses and assumptions of Lemma 2 and that (2.11) holds. Then for each a with 5 < a < 23 we have
(2.14)
Further, for each a there is a corresponding value of c satisfying the conditions of Lemma 3 such that the expressions on the right of (2.13), (2.14) 
The identities in (2.15)-(2.18) and the first identity in (2.19) are straightforward. The inequality in (2.15) and the last inequality in (2.19) follow from (2.8). The first inequality in (2.19) follows from (2.7a), and the rest come from (2.15). We could not have 14.83 < g(1, 1) < 15 since (2.14) shows that this could only happen if k, > 11.2, but then (2.16) and (2.7a) would immediately give 3 < g(1, 2) < k, contrary to (2.5a). So Lemma 6(i) implies g(1, 1) > 17. Also Lemma 6(ii), with 6 = 0.1, shows that if 19.25 < g(l, 1) < 20.9, there would be a value off in (-1,4.1] contradicting P(f) > 4.1. If 20.9 < g( 1, 1) < 2 1.3, we would have to have k, > 10.8 (from the first part of (2.14)) and thus p(f) a (4 p(f)l)l'3 > 4.2; whence, with 6 = 0.2, we would again have a value off in (-l,P(f)).
If 21.3 < g(1, l)< 21.75, then the first part of (2.14) would give k, > 11.025 and so P(f) > 4.26 and a > 0.467 (else -1 <f(3, 1,O) < 3). We would also have I/a +p]] < 0.183 and thus I] 2a -PII = I/ 3a -(a + j?)II > 0.218. But (2.19) would imply 2 1.3 < g(2, -1) < 22 which would make 0 <f(x, 2, -1) < 4.25 for suitable x. Hence 17 < g(1, 1) < 19.25. We must now have k, > 10.5; for k, < 10.5 with (2.14) would give g(l, 1) > 19 and this, in (2.19), would lead to g(2, -1) < 20.9. Using 19.25 < g(2, -1) < 20.9 and Lemma 6(ii) would immediately give a value of f in (-1,4.1] .
The inequalities k, > 10.5 and a > 0.42 ensure that S(l I, -3,O) > -1, so to avoid f( 11, -3,0) < 4.1 we must have a>+(ll-dv).
This means that 11+4a>~--~~'~ and But (3.13) means that 0 (f(23, -6,0) ,< 36k, -400 < P(f) unless k, > +(400 + J'(f)) 2 +(400 + p(k,)) = E(k,).
(3.16)
In (11.246, 11.251 it is easy to check that k, -E(k,) is an increasing function of k, and that E(11.25) = 11.25. So in the given range k, >E(k,) implies k, = 11.25. Then (2.12), (3.9), and (3.16) imply k, = 9 and 8 = $. Also k, = g(l, 3) = 11.25 gives a = 4, p = 0 so f is the form fi of Lemma 1.
